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ON THE IMMERSED SUBMANIFOLDS IN THE UNIT SPHERE
WITH PARALLEL BLASCHKE TENSOR II
XINGXIAO LI AND HONGRU SONG ∗
Abstract. As is known, the Blaschke tensor A (a symmetric covariant 2-tensor) is one of the funda-
mental Mo¨bius invariants in the Mo¨bius differential geometry of submanifolds in the unit sphere Sn, and
the eigenvalues of A are referred to as the Blaschke eigenvalues. In this paper, we continue our job for
the study on the submanifolds in Sn with parallel Blaschke tensors which we simply call Blaschke parallel
submanifolds to find more examples and seek a complete classification finally. The main theorem of this
paper is the classification of Blaschke parallel submanifolds in Sn with exactly three distinct Blaschke
eigenvalues. Before proving this classification we define, as usual, a new class of examples.
1. Introduction
Let Sn(r) be the standard n-dimensional sphere in the (n + 1)-dimensional Euclidean space Rn+1 of
radius r, and denote Sn = Sn(1). Let Hn(c) be the n-dimensional hyperbolic space of constant curvature
c < 0 defined by
H
n(c) = {y = (y0, y1) ∈ R
n+1
1 ; 〈y, y〉1 =
1
c
, y0 > 0},
where, for any integer N ≥ 2, RN1 ≡ R1×R
N−1 is the N -dimensional Lorentzian space with the standard
Lorentzian inner product 〈·, ·〉1 given by
〈y, y′〉1 = −y0y
′
0 + y1 · y
′
1, y = (y0, y1), y
′ = (y′0, y
′
1) ∈ R
N
1
in which the dot “·” denotes the standard Euclidean inner product on RN−1. From now on, we simply
write Hn for Hn(−1).
Denote by Sn+ the hemisphere in S
n whose first coordinate is positive. Then there are two conformal
diffeomorphisms
σ : Rn → Sn\{(−1, 0)} and τ : Hn → Sn+
defined as follows:
σ(u) =
(
1− |u|2
1 + |u|2
,
2u
1 + |u|2
)
, u ∈ Rn, (1.1)
τ(y) =
(
1
y0
,
y1
y0
)
, y = (y0, y1) ∈ H
n ⊂ Rn+11 . (1.2)
Let x :Mm → Sm+p be an immersed umbilic-free submanifold in Sm+p. Without loss of generality, we
usually assume that x is linearly full, that is, x can not be contained in a hyperplane in Rm+p+1. Then it is
known that there are four fundamental Mo¨bius invariants of x, in terms of the light-cone model established
by C. P. Wang in 1998 ([24]) that are the Mo¨bius metric g, the Blaschke tensor A, the Mo¨bius second
fundamental form B and the Mo¨bius form C. Since the pioneer work of Wang, there have been obtained
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many interesting results in the Mo¨bius geometry of submanifolds including some important classification
theorems of submanifolds with particular Mo¨bius invariants, such as, the classification of surfaces with
vanishing Mo¨bius forms ([10]), that of Mo¨bius isotropic submanifolds ([22]), that of hypersurfaces with
constant Mo¨bius sectional curvature ([4]), that of Mo¨bius isoparametric hypersurfaces ([8], [6], [12], etc),
and that of hypersurfaces with Blaschke tensors linearly dependent on the Mo¨bius metrics and Mo¨bius
second fundamental forms [9], which is later generalized by [18] and [3], respectively, in two different
directions. Here we should remark that, after the classification of all Mo¨bius parallel hypersurfaces in
S
m+1, that is, hypersurfaces with parallel Mo¨bius second fundamental forms ([5]), Zhai-Hu-Wang recently
proved in [25] an interesting theorem which classifies all 2-codimensional Mo¨bius parallel submanifolds in
the unit sphere.
Clearly, it is much natural to study submanifolds in the unit sphere Sn with particular Blaschke
tensors. Note that a submanifold in Sn with vanishing Blaschke tensor also has a vanishing Mo¨bius form,
and therefore is a special Mo¨bius isotropic submanifold; any Mo¨bius isotropic submanifold is necessarily
of parallel Blaschke tensor. Furthermore, all Mo¨bius parallel submanifolds also have vanishing Mo¨bius
forms and parallel Blaschke tensors([25]). Thus a rather natural and interesting problem is to seek a
classification of all the submanifolds with parallel Blaschke tensors which we shall call for simplicity
Blaschke parallel submanifolds.
To this direction, the first step is indeed the study of hypersurfaces. In fact, the following theorem has
been established:
Theorem 1.1 ([19]). Let x : Mm → Sm+1, m ≥ 2, be a Blaschke parallel hypersurface. Then the
Mo¨bius form of x vanishes identically and x is either Mo¨bius parallel, or Mo¨bius isotropic, or Mo¨bius
equivalent to one of the following examples which have exactly two distinct Blaschke eigenvalues:
(1) one of the minimal hypersurfaces as indicated in Example 3.2 of [19];
(2) one of the non-minimal hypersurfaces as indicated in Example 3.3 of [19].
As the second step, we have proved earlier the following classification:
Theorem 1.2 ([17]). Let x :Mm → Sm+p be a Blaschke parallel submanifold immersed in Sm+p with
vanishing Mo¨bius form C. If x has two distinct Blaschke eigenvalues, then it must be Mo¨bius equivalent
to one of the following four kinds of immersions:
(1) a non-minimal and umbilic-free pseudo-parallel immersion x˜ : M → Sm+p with parallel mean
curvature and constant scalar curvature, which has two distinct principal curvatures in the direction of
the mean curvature vector;
(2) the image under σ of a non-minimal and umbilic-free pseudo-parallel immersion x¯ : M → Rm+p
with parallel mean curvature and constant scalar curvature, which has two distinct principal curvatures
in the direction of the mean curvature vector;
(3) the image under τ of a non-minimal and umbilic-free pseudo-parallel immersion x¯ : M → Hm+p
with parallel mean curvature and constant scalar curvature, which has two distinct principal curvatures
in the direction of the mean curvature vector;
(4) a submanifold LS(m1, p1, r, µ) for some parameters m1, p1, r, µ.
Remark 1.1. Submanifolds LS(m1, p1, r, µ) with multiple parameters m1, p1, r, µ were first defined in
Example 3.2 of [17]. As in [17], we call a Riemannian submanifold pseudo-parallel if the inner product
of its second fundamental form with the mean curvature vector is parallel. In particular, if the second
fundamental form is itself parallel, then we simply call this submanifold (Euclidean) parallel.
In this paper, we continue our work on the classification of the Blaschke parallel submanifolds in Sn
with vanishing Mo¨bius forms. Naturally, due to Theorems 1.1 and 1.2, the next step is to study those
Blaschke parallel submanifolds with three distinct Blaschke eigenvalues. To do this, we first construct
in Section 3 a new class of Blaschke parallel submanifolds denoted by LS(m, p, r, µ) with, as desired,
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vanishing Mo¨bius forms and exactly three distinct Blaschke eigenvalues. The idea of this construction
originates from those hypersurface examples that were first introduced in [19] (see also [20]) and are
the only non-Mo¨bius isoparametric but Blaschke isoparametric hypersurfaces (cf. [21]) with two distinct
Blaschke eigenvalues. Note that, due to [11], any Blaschke isoparametric hypersurfaces with more than
two distinct Blaschke eigenvalues must be Mo¨bius isoparametric, which is an affirmative solution of the
problem originally raised in [21] (see also [13] and [14]). It should also be remarked that, by [12] and [23],
the Mo¨bius isoparametric hypersurfaces (cf. [8]) have been completely classified and thus the work in [11]
actually finishes the classification of the Blaschke isoparametric hypersurfaces (see also the latest partial
classification theorem in [7]). Besides, there have been some parallel results on space-like hypersurfaces
in the de Sitter space Sn1 (see [15] and the references therein). Combining all we know on this subject,
it turns out that our new examples and the argument in this present paper will shed a new light on the
completement of our final classification work which will be done in a forth-coming paper.
The main theorem of this paper is now stated as follows:
Theorem 1.3. Let x : Mm → Sm+p be a Blaschke parallel submanifold immersed in Sm+p with
vanishing Mo¨bius form C. If x has three distinct Blaschke eigenvalues, then it must be Mo¨bius equivalent
to one of the following four kinds of immersions:
(1) a non-minimal and umbilic-free pseudo-parallel immersion x˜ : Mm → Sm+p with parallel mean
curvature and constant scalar curvature, which has three distinct principal curvatures in the direction of
the mean curvature vector;
(2) the image under σ of a non-minimal and umbilic-free pseudo-parallel immersion x¯ : Mm → Rm+p
with parallel mean curvature and constant scalar curvature, which has three distinct principal curvatures
in the direction of the mean curvature vector;
(3) the image under τ of a non-minimal and umbilic-free pseudo-parallel immersion x¯ :Mm → Hm+p
with parallel mean curvature and constant scalar curvature, which has three distinct principal curvatures
in the direction of the mean curvature vector;
(4) a submanifold LS(m, p, r, µ) given in Example 3.2 for some multiple parameters m, p, r, µ satisfying
m3r
2
2 6= m2r
2
3.
Remark 1.2. In deed, it is directly verified that each of the immersed submanifolds stated in Theorem
1.3 is Blaschke parallel with vanishing Mo¨bius form and exactly three distinct Blaschke eigenvalues (see
Section 3).
We also remark that the final classification theorem will be much like Theorem 1.3 with the corre-
sponding examples LS(m, p, r, µ) being extended to the general case.
Acknowledgement The first author is supported by National Natural Science Foundation of China
(No. 11171091, 11371018).
2. Preliminaries
Let x : Mm → Sm+p be an immersed umbilic-free submanifold. Denote by h the second fundamental
form of x and H = 1
m
trh the mean curvature vector field. Define
ρ =
(
m
m− 1
(
|h|2 −m|H |2
)) 12
, Y = ρ(1, x). (2.1)
Then Y : Mm → Rm+p+21 is an immersion of M
m into the Lorentzian space Rm+p+21 and is called the
canonical lift (or the Mo¨bius position vector) of x. The function ρ given by (2.1) may be called the Mo¨bius
factor of the immersion x. Denote
C
m+p+1
+ =
{
y = (y0, y1) ∈ R1 × R
m+p+1 ; 〈y, y〉1 = 0, y0 > 0
}
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and let O(m+p+1, 1) be the Lorentzian group of all elements in GL(m+p+2;R) preserving the standard
Lorentzian inner product 〈·, ·〉1 on R
m+p+2
1 . There is a subgroup O
+(m+p+1, 1) of O(m+p+1, 1) that
is given by
O+(m+ p+ 1, 1) =
{
T ∈ O(m+ p+ 1, 1) ; T (Cm+p+1+ ) ⊂ C
m+p+1
+
}
. (2.2)
The following theorem is well known.
Theorem 2.1. ([24]) Two submanifolds x, x˜ :Mm → Sm+p with Mo¨bius position vectors Y, Y˜ , respec-
tively, are Mo¨bius equivalent if and only if there is a T ∈ O+(m+ p+ 1, 1) such that Y˜ = T (Y ).
By Theorem 2.1, the induced metric g = Y ∗〈·, ·〉1 = ρ
2dx · dx by Y on Mm from the Lorentzian
product 〈·, ·〉1 is a Mo¨bius invariant Riemannian metric (cf. [1], [2], [24]), and is called the Mo¨bius metric
of x. Using the vector-valued function Y and the Laplacian ∆ of the metric g, one can define another
important vector-valued function N :Mm → Rm+p+21 , called the Mo¨bius biposition vector, by
N = −
1
m
∆Y −
1
2m2
〈∆Y,∆Y 〉1Y. (2.3)
Then it is verified that the Mo¨bius position vector Y and the Mo¨bius biposition vector N satisfy the
following identities [24]:
〈∆Y, Y 〉1 = −m, 〈∆Y, dY 〉1 = 0, 〈∆Y,∆Y 〉1 = 1 +m
2κ, (2.4)
〈Y, Y 〉1 = 〈N,N〉1 = 0, 〈Y,N〉1 = 1, (2.5)
where κ denotes the normalized scalar curvature of the Mo¨bius metric g.
Let V → Mm be the vector subbundle of the trivial Lorentzian bundle Mm × Rm+p+21 defined to be
the orthogonal complement of RY ⊕RN ⊕Y∗(TM
m) with respect to the Lorentzian product 〈·, ·〉1. Then
V is called the Mo¨bius normal bundle of the immersion x. Clearly, we have the following vector bundle
decomposition:
Mm × Rm+p+21 = RY ⊕ RN ⊕ Y∗(TM
m)⊕ V. (2.6)
Denote by T⊥Mm the normal bundle of the immersion x : Mm → Sm+1. Then the mean curvature
vector field H of x defines a bundle isomorphism Φ : T⊥Mm → V by
Φ(e) = (H · e, (H · e)x+ e) for any e ∈ T⊥Mm. (2.7)
It is known that Φ preserves the inner products as well as the connections on T⊥Mm and V ([24]).
To simplify notations, we make the following conventions on the ranges of indices used frequently in
this paper:
1 ≤ i, j, k, · · · ≤ m, m+ 1 ≤ α, β, γ, · · · ≤ m+ p. (2.8)
For a local orthonormal frame field {ei} for the induced metric dx · dx with the dual {θ
i} and for an
orthonormal normal frame field {eα} of x, we set
Ei = ρ
−1ei, ω
i = ρθi, Eα = Φ(eα). (2.9)
Then {Ei} is a local orthonormal frame field on M
m with respect to the Mo¨bius metric g, {ωi} is the
dual of {Ei}, and {Eα} is a local orthonormal frame field of the Mo¨bius normal bundle V →M . Clearly,
{Y,N, Yi := Y∗(Ei), Eα} is a moving frame of R
m+p+2
1 along M
m. If the basic Mo¨bius invariants A, B
and C are respectively written as
A =
∑
Aijω
iωj , B =
∑
Bαijω
iωjEα, C =
∑
Cαi ω
iEα, (2.10)
then we have the following equations of motion ([24]):
dY =
∑
Yiω
i, dN =
∑
Aijω
jYi + C
α
i ω
iEα, (2.11)
dYi =−
∑
Aijω
jY − ωiN +
∑
ω
j
iYj +
∑
Bαijω
jEα, (2.12)
dEα =−
∑
Cαi ω
iY −
∑
Bαijω
jYi +
∑
ωβαEβ , (2.13)
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where ωji are the Levi-Civita connection forms of the Mo¨bius metric g and ω
β
α are the (Mo¨bius ) normal
connection forms of x. Furthermore, by a direct computation one can find the following local expressions
([24]):
Aij =− ρ
−2
(
Hess ij(log ρ)− ei(log ρ)ej(log ρ)−
∑
Hαhαij
)
−
1
2
ρ−2
(
|d log ρ|2 − 1 + |H |2
)
δij , (2.14)
Bαij = ρ
−1
(
hαij −H
αδij
)
, (2.15)
Cαi =− ρ
−2
(
Hα,i +
∑
(hαij −H
αδij)ej(log ρ)
)
, (2.16)
in which the subscript “, i” denotes the covariant derivative with respect to the induced metric dx · dx
and in the direction ei.
Denote, respectively, by Rijkl, R
⊥
αβij the components of the Mo¨bius Riemannian curvature tensor and
the curvature operator of the Mo¨bius normal bundle with respect to the tangent frame field {Ei} and
the Mo¨bius normal frame field {Eα}. Then we have ([24])
trA =
1
2m
(1 +m2κ), trB =
∑
BαiiEα = 0, |B|
2 =
∑
(Bαij)
2 =
m− 1
m
. (2.17)
Rijkl =
∑
(BαilB
α
jk −B
α
ikB
α
jl) +Ailδjk −Aikδjl +Ajkδil −Ajlδik. (2.18)
R⊥αβij =
∑
(BαjkB
β
ik −B
α
ikB
β
jk). (2.19)
We should remark that both equations (2.18) and (2.19) have the opposite sign from those in [24]
due to the different notations of the Riemannian curvature tensor. Furthermore, let Aijk, B
α
ijk and C
α
ij
denote, respectively, the components with respect to the frame fields {Ei} and {Eα} of the covariant
derivatives of A, B and C, then the following Ricci identities hold ([24]):
Aijk −Aikj =
∑
(BαikC
α
j −B
α
ijC
α
k ), (2.20)
Bαijk −B
α
ikj =δijC
α
k − δikC
α
j , (2.21)
Cαij − C
α
ji =
∑
(BαikAkj −B
α
kjAki). (2.22)
Denote by Rij the components of the Ricci curvature. Then by taking trace in (2.18) and (2.21), one
obtains
Rij = −
∑
BαikB
α
kj + δijtrA+ (m− 2)Aij , (2.23)
(m− 1)Cαi = −
∑
Bαijj . (2.24)
Moreover, for the higher order covariant derivatives Bαij···kl, we have the following Ricci identities:
Bαij···kl −B
α
ij···lk =
∑
Bαqj···Riqkl +
∑
Bαiq···Rjqkl + · · · −
∑
B
β
ij···R
⊥
βαkl. (2.25)
By (2.17), (2.23) and (2.24), if m ≥ 3, then the Blaschke tensor A and the Mo¨bius form C are
determined by the Mo¨bius metric g, Mo¨bius second fundamental form B and the (Mo¨bius ) normal
connection of x. Thus the following theorem holds:
Theorem 2.2 (cf. [24]). Two submanifolds x :Mm → Sm+p and x˜ : M˜m → Sm+p, m ≥ 3, are Mo¨bius
equivalent if and only if they have the same Mo¨bius metrics, the same Mo¨bius second fundamental forms
and the same (Mo¨bius ) normal connections.
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3. The new examples
Before proving the main theorem, we need to find more examples of Blaschke parallel submanifolds
in the unit sphere Sm+p as many as possible with parallel Blaschke tensors and with three distinct
Blaschke eigenvalues. We note that, by Zhai-Hu-Wang ([25]), all Mo¨bius parallel submanifolds in Sm+p
are necessarily Blaschke parallel ones. This kind of examples are listed in [25]. In this section we define
a new class of Blaschke parallel examples which are in general not Mo¨bius parallel.
Example 3.1. The following three classes of submanifolds have been studied in [17] (cf. [25]).
(1) The umbilic-free pseudo-parallel submanifolds x˜ : Mm → Sm+p with parallel mean curvature H˜
and constant scalar curvature S˜.
(2) The composition x˜ = σ ◦ x¯ where x¯ :Mm → Rm+p is an umbilic-free pseudo-parallel submanifolds
with parallel mean curvature H¯ and constant scalar curvature S¯.
(3) The composition x˜ := τ ◦ x¯ where x¯ :Mm → Hm+p is an umbilic-free pseudo-parallel submanifold
with parallel mean curvature H¯ and constant scalar curvature S¯.
Remark 3.1. It is shown in [17] that all the examples x˜ :Mm → Sm+p given in (1), (2) and (3) above
are Blaschke parallel with vanishing Mo¨bius form. Furthermore, x˜ in (1) has three distinct Blaschke
eigenvalues if and only if it is not minimal and has three distinct principal curvatures in the direction of
the mean curvature vector H˜ , while x˜ in (2) (resp. in (3)) has three distinct Blaschke eigenvalues if and
only if the corresponding x¯ :Mm → Rm+p (resp. x¯ :Mm → Hm+p) is not minimal and has three distinct
principal curvatures in the direction of the mean curvature vector H¯ . Note that x˜ is Mo¨bius isotropic,
or equivalently, x˜ has only one distinct Blaschke eigenvalue, if and only x˜ in (1), or x¯ in (2) or in (3) is
minimal ([22]). In addition, it is not hard to see that ([25]) a submanifold x˜ is Mo¨bius parallel if and
only if x˜ in (1), or x¯ in (2) or in (3) is (Euclidean) parallel.
Example 3.2. Submanifolds LS(m, p, r, µ).
We start with a multiple parameter data (m, p, r, µ) where
m := (m1,m2,m3), p := (p1, p2, p3), r := (r1, r2, r3), µ := (µ1, µ2, µ3)
with m1,m2,m3 and p1, p2, p3 being integers satisfying
m1,m2,m3 ≥ 1, p1, p2, p3 ≥ 0;
and with r1, r2, r3 and µ1, µ2, µ3 being real numbers satisfying
r1, r2, r3 > 0, r
2
1 = r
2
2 + r
2
3 , µ1, µ2, µ3 ≥ 0, µ1 + µ2 + µ3 = 1.
Denote
m := m1 +m2 +m3, p := p1 + p2 + p3 + 1.
Since
det
∣∣∣∣∣∣
m+m1 m2 m3
m1 m+m2 m3
m1 m2 m+m3
∣∣∣∣∣∣ = 2m3 6= 0,
there exist real numbers λ1, λ2, λ3 that are uniquely determined by

(m+m1)λ1 +m2λ2 +m3λ3 = −
m1
r21
,
m1λ1 + (m+m2)λ2 +m3λ3 =
m2
r22
,
m1λ1 +m2λ2 + (m+m3)λ3 =
m3
r23
.
(3.1)
Let B01 , B
0
2 , B
0
3 be real numbers defined by
m1B
0
1 +m2B
0
2 +m3B
0
3 = 0, B
0
aB
0
b = −(λa + λb), a 6= b (3.2)
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where 1 ≤ a, b ≤ 3. Clearly, B01 , B
0
2 , B
0
3 are unique up to a common sign. In fact we have
(B0a)
2 =
1
ma
((ma′ +ma′′)λa +ma′λa′ +ma′′λa′′) (3.3)
where a, a′, a′′ is an even permutation of 1, 2, 3.
Note that, by (3.2)
2λa = (λa + λa′) + (λa + λa′′ )− (λa′ + λa′′) = −B
0
aB
0
a′ −B
0
aB
0
a′′ +B
0
a′B
0
a′′ (3.4)
for a permutation a, a′, a′′ of 1, 2, 3.
Then the following lemma can be shown by a direct computation using (3.1), (3.2), (3.3) and (3.4):
Lemma 3.1. It holds that
2λ1 + (B
0
1)
2 = −
1
r21
, 2λ2 + (B
0
2)
2 =
1
r22
, 2λ3 + (B
0
3)
2 =
1
r23
, (3.5)
−
m1 − 1
r21
+ (B01)
2 = (m+m1 − 2)λ1 +m2λ2 +m3λ3 = (m− 2)λ1 +
∑
a
maλa, (3.6)
m2 − 1
r22
+ (B02)
2 = m1λ1 + (m+m2 − 2)λ2 +m3λ3 = (m− 2)λ2 +
∑
a
maλa, (3.7)
m3 − 1
r23
+ (B03)
2 = m1λ1 +m2λ2 + (m+m3 − 2)λ3 = (m− 2)λ3 +
∑
a
maλa, (3.8)
−
m1(m1 − 1)
r21
+
m2(m2 − 1)
r22
+
m3(m3 − 1)
r23
= (2m1(m− 1)− (m+m1))λ1 + (2m2(m− 1)− (m+m2))λ2
+ (2m3(m− 1)− (m+m3))λ3, (3.9)
m1(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2 = (m+m1)λ1 + (m+m2)λ2 + (m+m3)λ3, (3.10)
− r21B
0
1 + r
2
2B
0
2 + r
2
3B
0
3 = 0, (3.11)
− r21(B
0
1)
2 + r22(B
0
2)
2 + r23(B
0
3)
2 = −λ1r
2
1 + λ2r
2
2 + λ3r
2
3 = 1. (3.12)
Let
y˜ = (y˜0, y˜1) :M1 → H
m1+p1
(
−
1
r21
)
⊂ Rm1+p1+11
be an immersed minimal submanifold of dimension m1 with constant scalar curvature
S˜1 = −
m1(m1 − 1)
r21
+ µ1
(
m1(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2 −
m− 1
m
)
, (3.13)
and
y˜2 :M2 → S
m2+p2(r2) ⊂ R
m2+p2+1, y˜3 :M3 → S
m3+p3(r3) ⊂ R
m3+p3+1 (3.14)
be two immersed minimal submanifolds of dimensions m2, m3 with constant scalar curvatures
S˜2 =
m2(m2 − 1)
r22
+ µ2
(
m1(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2 −
m− 1
m
)
, (3.15)
S˜3 =
m3(m3 − 1)
r23
+ µ3
(
m1(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2 −
m− 1
m
)
, (3.16)
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respectively. Then by (3.9) and (3.10)
S˜1 + S˜2 + S˜3 =−
m1(m1 − 1)
r21
+
m2(m2 − 1)
r22
+
m3(m3 − 1)
r23
−
m− 1
m
+m1(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2
=2(m− 1)
∑
a
maλa −
m− 1
m
. (3.17)
Set
M˜m = M1 ×M2 ×M3, Y˜ = (y˜0, y˜1, y˜2, y˜3). (3.18)
Then Y˜ : M˜m → Rm+p+21 is an immersion satisfying 〈Y˜ , Y˜ 〉1 = 0 with the induced Riemannian metric
g = 〈dY˜ , dY˜ 〉1 = −dy˜
2
0 + dy˜
2
1 + dy˜
2
2 + dy˜
2
3 .
Thus
(M˜m, g) = (M1, 〈dy˜, dy˜〉1)×
(
M2, dy˜
2
2
)
×
(
M3, dy˜
2
3
)
(3.19)
as Riemannian manifolds. Define
x˜1 =
y˜1
y˜0
, x˜2 =
y˜2
y˜0
, x˜3 =
y˜3
y˜0
, x˜ = (x˜1, x˜2, x˜3). (3.20)
Then x˜2 = 1 and thus x˜ : M˜m → Sm+p is an immersed submanifold which we denote simply by
LS(m, p, r, µ). Since
dx˜ = −
dy˜0
y˜20
(y˜1, y˜2, y˜3) +
1
y˜0
(dy˜1, dy˜2, dy˜3), (3.21)
the induced metric g˜ = dx˜ · dx˜ on M˜m is related to g by
g˜ = y˜−20 (−dy˜
2
0 + dy˜
2
1 + dy˜
2
2 + dy˜
2
3) = y˜
−2
0 g. (3.22)
Denote
E¯α0 := −(B
0
1 y˜0, B
0
1 y˜1, B
0
2 y˜2, B
0
3 y˜3), (3.23)
and let
{E¯α;m+ 1 ≤ α ≤ m+ p1},
{E¯α;m+ p1 + 1 ≤ α ≤ m+ p1 + p2},
{E¯α;m+ p1 + p2 + 1 ≤ α ≤ m+ p1 + p2 + p3}
be orthonormal normal frame fields of y˜, y˜2, y˜3, respectively, with
E¯α = (E¯α0, E¯α1) ∈ R
1
1 × R
m1+p1 ≡ Rm1+p1+11 , for α = m+ 1, · · · ,m+ p1.
Define
e˜α =(E¯α1, 0, 0)− E¯α0x˜ ∈ R
m1+p1 × Rm2+p2+1 × Rm3+p3+1 ≡ Rm+p+1,
for α = m+ 1, · · · ,m+ p1; (3.24)
e˜α =(0, E¯α, 0) ∈ R
m1+p1 × Rm2+p2+1 × Rm3+p3+1 ≡ Rm+p+1,
for α = m+ p1 + 1, · · · ,m+ p1 + p2; (3.25)
e˜α =(0, 0, E¯α) ∈ R
m1+p1 × Rm2+p2+1 × Rm3+p3+1 ≡ Rm+p+1,
for α = m+ p1 + p2 + 1, · · · ,m+ p1 + p2 + p3; (3.26)
e˜α0 =− (B
0
1 y˜1, B
0
2 y˜2, B
0
3 y˜3) +B
0
1 y˜0x˜. (3.27)
Then, by Lemma 3.1, {e˜α, e˜α0; m + 1 ≤ α ≤ m + p − 1} is an orthonormal normal frame field of
LS(m, p, r, µ).
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Hence, by (3.21), for α = m+ 1, · · · ,m+ p1
de˜α · dx˜ = (dE¯α1, 0, 0) · dx˜− dE¯α0x˜dx˜ − E¯α0dx˜
2
= y˜−10 (−dE¯α0dy˜0 + dE¯α1 · dy˜1)− E¯α0y˜
−2
0 g, (3.28)
where the third equality comes from the fact that
− E¯α0y˜0 + E¯α1 · y˜1 = −dE¯α0y˜0 + dE¯α1 · y˜1 = 0; (3.29)
while
de˜α · dx˜ = y˜
−1
0 (dE¯α · dy˜2) (3.30)
for α = m+ p1 + 1, · · · ,m+ p1 + p2, and
de˜α · dx˜ = y˜
−1
0 (dE¯α · dy˜3) (3.31)
for α = m+ p1 + p2 + 1, · · · ,m+ p− 1. Furthermore,
de˜α0 · dx˜ =y˜
−2
0 dy0(B
0
1dy˜1, B
0
2dy˜2, B
0
3dy˜3) · (y˜1, y˜2, y˜3)
− y˜−10 (B
0
1dy˜1, B
0
2dy˜2, B
0
3dy˜3) · (dy˜1, dy˜2, dy˜3)
+B01dy˜0x˜dx˜+B
0
1 y˜0dx˜dx˜
=− y˜−10 ((B
0
2 −B
0
1)dy˜
2
2 + (B
0
3 −B
0
1)dy˜
2
3). (3.32)
It then follows that, if we denote by
h¯M1 =
m+p1∑
α=m+1
h¯αE¯α, h¯M2 =
m+p1+p2∑
α=m+p1+1
h¯αE¯α, h¯M3 =
m+p−1∑
α=m+p1+p2+1
h¯αE¯α
the second fundamental forms of y˜, y˜2 and y˜3, respectively, then the second fundamental form
h˜ =
m+p−1∑
α=m+1
h˜αe˜α + h˜
α0 e˜α0
of LS(m, p, r, µ) is given as follows:
h˜α = −de˜α · dx˜ = y
−1
0 h¯
α + E¯α0y˜
−2
0 g, for α = m+ 1, · · · ,m+ p1; (3.33)
h˜α = −de˜α · dx˜ = y˜
−1
0 h¯
α, for α = m+ p1 + 1, · · · ,m+ p− 1; (3.34)
h˜α0 = y˜−10 ((B
0
2 −B
0
1)dy˜
2
2 + (B
0
3 −B
0
1)dy˜
2
3). (3.35)
Let
{Ei ; 1 ≤ i ≤ m1}, {Ei ;m1 + 1 ≤ i ≤ m1 +m2}, {Ei ;m1 +m2 + 1 ≤ i ≤ m}
be local orthonormal frame fields for
(M1, 〈dy˜, dy˜〉1), (M2, dy˜
2
2), (M3, dy˜
2
3),
respectively. Then {Ei ; 1 ≤ i ≤ m} is a local orthonormal frame field for (M
m, g).
Put e˜i = y˜0Ei, i = 1, · · · ,m. Then {e˜i ; 1 ≤ i ≤ m} is a local orthonormal frame field for (M
m, g˜).
Thus for α = m+ 1, · · · ,m+ p1,

h˜αij = h˜
α(e˜i, e˜j) = y˜
2
0h˜
α(Ei, Ej) = y˜0h¯
α(Ei, Ej) + E¯α0 g(Ei, Ej)
= y˜0h¯
α
ij + E¯α0δij , when 1 ≤ i, j ≤ m1,
h˜αij = E¯α0δij , otherwise;
(3.36)
while 

h˜αij = h˜
α(e˜i, e˜j) = y˜
2
0h˜
α(Ei, Ej) = y˜0h¯
α(Ei, Ej) = y˜0h¯
α
ij ,
when m1 + 1 ≤ i, j ≤ m1 +m2,
h˜αij = 0, otherwise
(3.37)
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for α = m+ p1 + 1, · · · ,m+ p1 + p2, and

h˜αij = h˜
α(e˜i, e˜j) = y˜
2
0h˜
α(Ei, Ej) = y˜0h¯
α(Ei, Ej) = y˜0h¯
α
ij ,
when m1 +m2 + 1 ≤ i, j ≤ m,
h˜αij = 0, otherwise
(3.38)
for α = m+ p1 + p2 + 1, · · · ,m+ p− 1. Furthermore
h˜α0ij = h˜
α0(e˜i, e˜j) = y˜
2
0h˜
α0(Ei, Ej) =


y˜0(B
0
2 −B
0
1)δij , for m1 + 1 ≤ i, j ≤ m1 +m2,
y˜0(B
0
3 −B
0
1)δij , for m1 +m2 + 1 ≤ i, j ≤ m,
0, otherwise.
(3.39)
Since y˜, y˜2 and y˜3 are minimal, the mean curvature
H˜ =
1
m
(
m+p−1∑
α=m+1
m∑
i=1
h˜αiie˜α +
m∑
i=1
h˜α0ii e˜α0
)
of LS(m, p, r, µ) is given by
H˜α =
1
m
m∑
i=1
h˜αii =
y˜0
m
m1∑
i=1
h¯αii + E¯α0 = E¯α0, for m+ 1 ≤ α ≤ m+ p1; (3.40)
H˜α =
1
m
m∑
i=1
h˜αii =
y˜0
m
m1+m2∑
i=m1+1
h¯αii = 0, for m+ p1 + 1 ≤ α ≤ m+ p1 + p2; (3.41)
H˜α =
1
m
m∑
i=1
h˜αii =
y˜0
m
m∑
i=m1+m2+1
h¯αii = 0, for m+ p1 + p2 + 1 ≤ α ≤ m+ p− 1; (3.42)
H˜α0 =
1
m
m∑
i=1
h˜α0ii =
y˜0
m
(m2(B
0
2 −B
0
1) +m3(B
0
3 −B
0
1)) = −y˜0B
0
1 . (3.43)
From (3.2), (3.9), (3.10), (3.17), (3.36)–(3.43) and the Gauss equations of y˜, y˜2 and y˜3, we find
|h˜|2 =y˜20
m+p1∑
α=m+1
m1∑
i,j=1
(h¯αij)
2 +m
m+p1∑
α=m+1
(E¯α0)
2 + y˜20
m+p1+p2∑
α=m+p1+1
m1+m2∑
i,j=m1+1
(h¯αij)
2
+ y˜20
m+p−1∑
α=m+p1+p2+1
m∑
i,j=m1+m2+1
(h¯αij)
2 + y˜20(m2(B
0
2 −B
0
1)
2 +m3(B
0
3 −B
0
1)
2)
=
m− 1
m
y˜20 +m
m+p1∑
α=m+1
(E¯α0)
2 +my˜20(B
0
1)
2, (3.44)
|H˜ |2 =
m+p1∑
α=m+1
(H˜α)2 +
m+p1+p2∑
α=m+p1+1
(H˜α)2 +
m+p−1∑
α=m+p1+p2+1
(H˜α)2 + (H˜α0)2
=
m+p1∑
α=m+1
(E¯α0)
2 + y˜20(B
0
1)
2. (3.45)
It then follows that
|h˜|2 −m|H˜|2 =
m− 1
m
y˜20 > 0,
implying that x˜ is umbilic-free, and the Mo¨bius factor ρ˜ = y˜0. So Y˜ is the Mo¨bius position of LS(m, p, r, µ).
Consequently, the Mo¨bius metric of LS(m, p, r, µ) is nothing but 〈dY˜ , dY˜ 〉1 = g. Furthermore, if we denote
SUBMANIFOLDS IN THE UNIT SPHERE WITH PARALLEL BLASCHKE TENSOR 11
by {ωi} the local coframe field on Mm dual to {Ei}, then the Mo¨bius second fundamental form
B˜ =
m+p∑
α=m+1
B˜αΦ(e˜α) ≡
m+p∑
α=m+1
B˜αijω
iωjΦ(e˜α)
of LS(m, p, r, µ) is given by
B˜α =ρ˜−1
∑
(h˜αij − H˜
αδij)ω
iωj =
m1∑
i,j=1
h¯αijω
iωj ,
for α = m+ 1, · · · ,m+ p1; (3.46)
B˜α =ρ˜−1
∑
(h˜αij − H˜
αδij)ω
iωj =
m1+m2∑
i,j=m1+1
h¯αijω
iωj,
for α = m+ p1 + 1, · · · ,m+ p1 + p2, (3.47)
B˜α =ρ˜−1
∑
(h˜αij − H˜
αδij)ω
iωj =
m∑
i,j=m1+m2+1
h¯αijω
iωj ,
for α = m+ p1 + p2 + 1, · · · ,m+ p− 1, (3.48)
B˜α0 =B01
m1∑
i=1
(ωi)2 +B02
m1+m2∑
i=m1+1
(ωi)2 +B03
m∑
i=m1+m2+1
(ωi)2, (3.49)
or, equivalently
B˜αij =


h¯αij , if m+ 1 ≤ α ≤ m+ p1, 1 ≤ i, j ≤ m1,
or m+ p1 + 1 ≤ α ≤ m+ p1 + p2, m1 + 1 ≤ i, j ≤ m1 +m2,
or m+ p1 + p2 + 1 ≤ α ≤ m+ p− 1, m1 +m2 + 1 ≤ i, j ≤ m,
B01δij , if α = α0, 1 ≤ i, j ≤ m1,
B02δij , if α = α0, m1 + 1 ≤ i, j ≤ m1 +m2,
B03δij , if α = α0, m1 +m2 + 1 ≤ i, j ≤ m
0, otherwise.
(3.50)
On the other hand, since the Mo¨bius metric g is the direct product of 〈dy˜, dy˜〉1, dy˜2 · dy˜2 and dy˜3 · dy˜3,
one finds by the minimality and the Gauss equations of y˜, y˜2 and y˜3 that the Ricci tensor of g is given
as follows:
Rij =−
m1 − 1
r21
δij −
∑
α1
m1∑
k=1
h¯α1ik h¯
α1
kj , if 1 ≤ i, j ≤ m1, (3.51)
Rij =
m2 − 1
r22
δij −
∑
α2
m1+m2∑
k=m1+1
h¯α2ik h¯
α2
kj , if m1 + 1 ≤ i, j ≤ m1 +m2, (3.52)
Rij =
m3 − 1
r23
δij −
∑
α3
m∑
k=m1+m2+1
h¯α3ik h¯
α3
kj , if m1 +m2 + 1 ≤ i, j ≤ m, (3.53)
Rij = 0, otherwise, (3.54)
where
m+ 1 ≤ α1 ≤ m+ p1, m+ p1 + 1 ≤ α2 ≤ m+ p1 + p2,
m+ p1 + p2 + 1 ≤ α3 ≤ m+ p− 1.
On the other hand, by the definitions of y˜, y˜2 and y˜3, the trace of A is given by
trA =
1
2m
(1 +m2κ) =
∑
a
maλa. (3.55)
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Since m ≥ 3, it follows by (2.23), (3.6) and (3.50)–(3.55) that the Blaschke tensor of LS(m, p, r, µ) is given
by A =
∑
Aijω
iωj where, for 1 ≤ i, j ≤ m1,
Aij =
1
m− 2
(
−
m1 − 1
r2
+ (B01)
2 −
∑
a
maλa
)
δij = λ1δij . (3.56)
Similarly,
Aij =λ2δij , for m1 + 1 ≤ i, j ≤ m1 +m2, (3.57)
Aij =λ3δij , for m1 +m2 + 1 ≤ i, j ≤ m, (3.58)
Aij = 0, otherwise. (3.59)
Therefore, A has constant eigenvalues λ1, λ2, λ3. It follows that LS(m, p, r, µ) is Blaschke parallel since
ω
j
i = 0 for Aii 6= Ajj .
Proposition 3.2. For each of the submanifolds LS(m, p, r, µ) defined in Example 3.2, we have
(1) The Mo¨bius form C vanishes identically;
(2) The Blaschke eigenvalues λ1, λ2, λ3 are distinct if and only if m3r
2
2 6= m2r
2
3;
(3) The Mo¨bius second fundamental form B is parallel if and only if
y˜ :M1 → H
m1+p1
(
−
1
r21
)
, y˜2 :M2 → S
m2+p2(r2) and y˜3 :M3 → S
m3+p3(r3)
are all parallel as Riemannian submanifolds. Furthermore, if it is the case, then y˜(M1) is isometric to the
totally geodesic hyperbolic space Hm1
(
− 1
r21
)
and y˜ can be taken as the standard embedding of Hm1
(
− 1
r21
)
in Hm1+p1
(
− 1
r21
)
.
Proof. The proof of (1) and (3) is omitted here since it is similar to that of Proposition 3.1 in [17];
The conclusion (2) is direct from (3.1). ⊔⊓
Remark 3.2. It is not hard to show that, if m3r
2
2 = m2r
2
3 , then λ2 = λ3. In this case, LS(m, p, r, µ)
has two distinct Blaschke eigenvalues and is included as one special case of Example 3.1 or Example 3.2
in [17].
4. Proof of the main theorem
Let x :Mm → Sm+p be an umbilic-free submanifold in Sm+p satisfying all the conditions in the main
theorem, and λ1, λ2, λ3 be the three distinct Blaschke eigenvalues of x. Since the Mo¨bius form C ≡ 0 and
the Blaschke tensor A is parallel, (M, g) is isometric to a direct product of three Riemannian manifolds
(M1, g
(1)), (M2, g
(2)) and (M3, g
(3)) with
m1 := dimM1, m2 := dimM2, m3 := dimM3
such that, under the orthonormal frame field {Ei} of (M
m, g) satisfying
E1, · · · , Em1 ∈ TM1, Em1+1, · · · , Em1+m2 ∈ TM2, Em1+m2+1, · · · , Em ∈ TM3,
the components Aij of A with respect to {Ei} are diagonalized as follows:
Ai1j1 = λ1δi1j1 , Ai2j2 = λ2δi2j2 , Ai3j3 = λ3δi3j3 , Ai1j2 = Ai2j3 = Ai1j3 = 0, (4.1)
where and from now on we agree with
1 ≤ i1, j1, k1, · · · ≤ m1, m1 + 1 ≤ i2, j2, k2, · · · ≤ m1 +m2, m1 +m2 + 1 ≤ i3, j3, k3, · · · ≤ m.
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Furthermore, as done in Section 2, write B =
∑
Bαijω
iωjEα for some Mo¨bius normal frame field {Eα},
where {ωi} is the dual of {Ei}. Then, by C ≡ 0 and (2.22), the corresponding components B
α
ij satisfy
Bαi1i2 = B
α
i1i3
= Bαi2i3 ≡ 0, for all α, i1, i2, i3. (4.2)
In general, we have
Lemma 4.1. It holds that
Bαij···k ≡ 0, (4.3)
if there exist two of the indices i, j, · · · , k assuming the forms ia, ib with a 6= b, where ij · · · k denotes a
multiple index of order no less than 2.
Proof. Due to (4.2) and the method of induction, it suffices to prove that if (4.3) holds then
Bαij···kl ≡ 0 (4.4)
for indices i, j, · · · , k, l in which there exist two assuming the forms ia, ib with a 6= b.
In fact, we only need to consider the following two cases:
(i) There exist two of the indices i, j, · · · , k which assume the forms ia, ib with a 6= b.
In this case, we use (4.3) and ωjbia = 0 (a 6= b) to find
Bαij···klω
l = dBαij···k −
∑
Bαlj···kω
l
i −
∑
Bαil···kω
l
j − · · · −
∑
Bαij···lω
l
k +
∑
B
β
ij···kω
α
β ≡ 0.
So (4.4) is true.
(ii) Either 1 ≤ i, j, · · · , k ≤ m1, or m1 + 1 ≤ i, j, · · · , k ≤ m1 +m2, or m1 +m2 + 1 ≤ i, j, · · · , k ≤ m.
Without loss of generality, we assume the first. Then it must be that l = ja for a = 2 or a = 3. Note
that by (2.19) and (4.2),
R⊥αβi1ja =
∑
q
(BαjaqB
β
i1q
−Bαi1qB
β
jaq
) ≡ 0, ∀i1, ja, a = 2, 3. (4.5)
This together with Case (i), the Ricci identities (2.25) and the fact that Ri1jaij ≡ 0 shows that
Bαij···kja = B
α
ij···jak
+
∑
Bαqj···Riqkja +
∑
Bαiq···Rjqkja + · · · −
∑
B
β
ij···R
⊥
βαkja
≡ 0.
⊔⊓
Lemma 4.2. It holds that, for all ia, ja, ka, · · · , la, ib, jb, · · · , kb and 1 ≤ a 6= b ≤ 3,∑
α
BαiajaB
α
ibjb
= −(λa + λb)δiajaδibjb , (4.6)∑
α
BαiajakaB
α
ibjb
= 0. (4.7)
More generally,
Bαiajaka···laB
α
ibjb···kb
= 0, (4.8)
where iajaka · · · la is a multiple index of order no less than 3.
Proof. This lemma mainly comes from the Mo¨bius Gauss equation (2.18) and the parallel assumption
of the Blaschke tensor A. In fact, since a 6= b, (4.6) is given by (2.18), (4.1), (4.2) and that Riaibjbja ≡ 0;
(4.7) is given by (2.18), (4.3), Riaibjbja ≡ 0 and the parallel of A; Finally, (4.8) can be shown by the
method of induction using (4.7) and Lemma 4.1. ⊔⊓
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As the corollary of (4.6), we have for a 6= b∑
α
Bαiaja(B
α
ibib
−Bαjbjb) = 0, (4.9)∑
α
BαiajaB
α
ibjb
= 0, if ia 6= ja. (4.10)
Define
Va = Span
{∑
α
Bαiaja···kaEα
}
, a = 1, 2, 3; (4.11)
Va0 = Va ∩ (Va′ + Va′′ )
⊥, so that Va0⊥Vb0 for a 6= b, (4.12)
where, as mentioned earlier, a, a′, a′′ is an even permutation of 1, 2, 3.
Let V ′a0 (a = 1, 2, 3) be the orthogonal complement of Va0 in Va and denote
V0 := V
′
10 + V
′
20 + V
′
30.
Lemma 4.3. It holds that 1 ≤ dimV0 ≤ 2.
Proof. For any i, j, we denote by B
V ′
a0
ij the V
′
a0-component of Bij , a = 1, 2, 3. Then it follows from
(4.9) and (4.10) that
B
V ′
a0
iaja
= 0, B
V ′
a0
iaia
= B
V ′
a0
jaja
, for any ia, ja, ia 6= ja. (4.13)
So that
V ′a0 = Span {B
V ′
a0
iaia
}, for each fixed ia, a = 1, 2, 3. (4.14)
In particular, dimV ′a0 ≤ 1, a = 1, 2, 3.
On the other hand, by the second equation in (2.17), we have∑
i1
Bi1i1 +
∑
i2
Bi2i2 +
∑
i3
Bi3i3 = 0. (4.15)
But, for any a and ia,
Biaia = B
Va0
iaia
+B
V ′
a0
iaia
= BVa0iaia +B
V0
iaia
,
and Va0⊥Vb0 for a 6= b, so that (4.15) reduces to∑
ia
BVa0iaia = 0, a = 1, 2, 3,
∑
i1
BV0i1i1 +
∑
i2
BV0i2i2 +
∑
i3
BV0i3i3 = 0. (4.16)
The second equality in (4.16) together with (4.13) shows that, for fixed i1, i2 and i3,
m1B
V0
i1i1
+m2B
V0
i2i2
+m3B
V0
i3i3
= 0 (4.17)
which with (4.14) proves that dimV0 ≤ 2.
Finally, if dimV0 = 0, then for any a 6= b, Biaia⊥Bibib which with (4.6) imples that λa + λb = 0,
contradicting the assumption that λ1, λ2, λ3 are distinct. ⊔⊓
Clearly by definition, V0, V10, V20 and V30 are orthogonal to each other. Denote ι := dimV0. Then we
can properly choose an orthonormal normal frame field {Eα} such that
Eαν ∈ V0, ν = 1, · · · , ι; Eαa , Eβa , Eγa , · · · ∈ Va0, for a = 1, 2, 3. (4.18)
Lemma 4.4. V0, V10, V20 and V30 are parallel in the Mo¨bius normal bundles V . In particular, they
are all of constant dimension.
Proof. Let ξa and ξ0 be sections of V such that ξa ∈ Va0 (a = 1, 2, 3) and ξ0 ∈ V0. Then, by the
definition of the subspaces V0, V10, V20 and V30, ξa (resp. ξ0) is a linear combination of B
Va0
iaja···ka
(resp.
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of BV0i1i1 , B
V0
i2i2
and BV0i3i3 for some i1, i2, i3). Thus, by (4.8)–(4.10) and (4.16), it is not hard to conclude
that
〈D⊥ξa, ξ0〉1 = 〈D
⊥ξa, ξb〉1 ≡ 0, b 6= a. (4.19)
In fact, we take, for example, a = 1 and ξa = m1B
V10
11 . Write Bi1i1 =
∑
αB
α
i1i1
Eα. Since by (4.16),
m1B
V10
11 =(B
V10
11 −B
V10
22 ) + · · ·+ (B
V10
11 −B
V10
m1m1
) =
∑
α
(
(Bα11 −B
α
22) + · · ·+ (B
α
11 −B
α
m1m1
)
)
Eα,
we have
D⊥ξa =m1D
⊥BV1011 =
∑
α
(
(dBα11 − dB
α
22) + · · ·+ (dB
α
11 − dB
α
m1m1
)
)
Eα
+
∑
α,β
(
(Bα11 −B
α
22) + · · ·+ (B
α
11 −B
α
m1m1
)
)
ωαβEα
=
∑
i,α
(
(Bα11i −B
α
22i) + · · ·+ (B
α
11i −B
α
m1m1i
)
)
ωiEα
+ 2
∑
i,α
(Bα1iω
i
1 −B
α
2iω
i
2)Eα + · · ·+ 2
∑
i,α
(Bα1iω
i
1 −B
α
m1i
ωim1)Eα
=
∑
i1,α1
(
(Bα111i1 −B
α1
22i1
) + · · ·+ (Bα111i1 −B
α1
m1m1i1
)
)
ωi1Eα1
+ 2
∑
i1,α1
(Bα11i1ω
i1
1 −B
α1
2i1
ωi12 )Eα1 + · · ·+ 2
∑
i1,α1
(Bα111 ω
i1
1 −B
α1
m1i1
ωi1m1)Eα1 ∈ V10
implying that (4.19) holds in this case. Other cases can be similarly but more easily considered. Now,
from (4.19) directly follows Lemma 4.3. ⊔⊓
Remark 4.1. The conclusion that dimV0 is constant alongM
m can also be directly proved as follows:
For some fixed i1, i2, i3, we have by (4.17)∑
a
ma〈B
V0
iaia
, BV0ibib〉1 = 0, b = 1, 2, 3 (4.20)
which together with (4.6) shows that 〈BV0iaia , B
V0
ibib
〉1 are constant for any a, b. It then follows from the
Lagrangian identity that, for a 6= b,
(BV0iaia ×B
V0
ibib
)2 = 〈BV0iaia , B
V0
iaia
〉1〈B
V0
ibib
, BV0ibib〉1 − 〈B
V0
iaia
, BV0ibib〉
2
1 = const.
On the other hand, by (4.17), BV0i1i1 is parallel to B
V0
i2i2
if and only if BV0i1i1 , B
V0
i2i2
, BV0i3i3 are parallel to
each other, that is, dim V0 = 1. The remark is proved.
Hence there are only two cases that need to be considered:
Case 1. dimV0 = 2. In this case, we can find two special indices α0 and α
′
0 such that
BV0i1i1 = B
0
1Eα0 , B
V0
iaia
= B0aEα0 +B
0
a
′Eα′0 , for any ia, a = 2, 3, (4.21)
with
B01B
0
2
′ 6= 0. (4.22)
Lemma 4.5. B01 and B
0
2 , B
0
2
′, B03 , B
0
3
′ are constants.
Proof. First, (2.17) and (4.21) give that
m1B
0
1 +m2B
0
2 +m3B
0
3 = m2B
0
2
′ +m3B
0
3
′ = 0. (4.23)
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On the other hand, by (4.6), (4.20) and (4.21), we find
m1(B
0
1)
2 = m2(λ1 + λ2) +m3(λ1 + λ3) = const,
m2((B
0
2)
2 + (B02
′)2) = m1(λ1 + λ2) +m3(λ2 + λ3) = const,
m3((B
0
3)
2 + (B03
′)2) = m1(λ1 + λ3) +m2(λ2 + λ3) = const.
This with (4.6) and (4.23) easily shows that B01 and B
0
2 , B
0
2
′, B03 , B
0
3
′ are all constants. ⊔⊓
Lemma 4.6. For the Mo¨bius normal frame field {Eα} ≡ {Eαa , Eα0 , Eα′0} chosen above, the Mo¨bius
normal connection forms ωβα satisfy
ωβα0 = ω
β
α′0
= ωβbαa = 0, a 6= b. (4.24)
Proof. Due to Lemma 4.4, (4.18) and (4.21), we only need to show that ω
α′0
α0 = 0. In fact, by (4.8),
we know that
∑
B
α′0
i1i1j
ωj = 0 which with Lemma 4.5 and (4.21) shows that
0 = dB
α′0
i1i1
−B
α′0
ji1
ω
j
i1
−B
α′0
i1j
ω
j
i1
+Bα0i1i1ω
α′0
α0 +B
α1
i1i1
ω
α′0
α1 = B
α0
i1i1
ω
α′0
α0 ,
where we have used ω
α′0
αa = 0, a = 1, 2, 3, which are directly obtained by Lemma 4.4. Thus ω
α′0
α0 = 0. ⊔⊓
Let Y and N be the Mo¨bius position vector and the Mo¨bius biposition vector of x, respectively. As
done earlier by many authors (for example, [22], [9], [18], [25]) and the very recent paper [17], we define
another vector-valued function
c := N + λY + µ0Eα0 + µ
′
0Eα′0 (4.25)
for some constants λ, µ0 and µ
′
0 to be determined. Then by using (2.11) and (2.13) we find
dc =
∑
a,ia
(λa + λ− µ0B
0
a − µ
′
0B
0
a
′)ωiaYia
with B01
′ = 0. Note that, by (4.23)∣∣∣∣∣∣
1 B01 0
1 B02 B
0
2
′
1 B03 B
0
3
′
∣∣∣∣∣∣ = B02 ′(B01 −B03) +B03 ′(B02 −B01) =
1
m3
B01B
0
2
′(m1 +m2 +m3) =
m
m3
B01B
0
2
′ 6= 0,
the system of linear equations 

λ1 + λ− µ0B
0
1 = 0,
λ2 + λ− µ0B
0
2 − µ
′
0B
0
2
′ = 0,
λ3 + λ− µ0B
0
3 − µ
′
0B
0
3
′ = 0,
(4.26)
for λ, µ0, µ
′
0 has a unique solution as

λ = −
m1λ1 +m2λ2 +m3λ3
m
,
µ0 = −
1
mB01
(∑
maλa −mλ1
)
,
µ′0 = −
1
mB01B
0
2
′
(
(m1B
0
1 + (m2 +m3)B
0
2)λ1
+ ((m1 +m3)B
0
1 +m2B
0
2)λ2 +m3(B
0
1 −B
0
2)λ3
)
.
(4.27)
Thus the following lemma is proved:
Lemma 4.7. Let λ, µ0 and µ
′
0 be given by (4.27). Then the vector-valued function c defined by (4.25)
is constant on Mm and
〈c, c〉 = 2λ+ µ20 + µ
′
0
2, 〈c, Y 〉 = 1. (4.28)
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Next we have to consider the following three subcases:
Subcase (1): c is time-like; Subcase (2): c is light-like; Subcase (3): c is space-like.
Since the argument that follows here is standard and same as that of [17] (see Case 1 there), we omit
the detail of it and only state the corresponding conclusions:
Proposition 4.8. Let x : Mm → Sm+p be as in the main theorem (Theorem 1.3). If dim V0 = 2 and
c is the constant vector given by (4.25), then
(1) c is time-like and x is Mo¨bius equivalent to a non-minimal and umbilic-free pseudo-parallel im-
mersion x˜ : Mm → Sm+p with parallel mean curvature and constant scalar curvature, which has three
distinct principal curvatures in the direction of the mean curvature vector;
(2) c is light-like and x is Mo¨bius equivalent to the image under σ of a non-minimal and umbilic-free
pseudo-parallel immersion x¯ : Mm → Rm+p with parallel mean curvature and constant scalar curvature,
which has three distinct principal curvatures in the direction of the mean curvature vector;
(3) c is space-like and x is Mo¨bius equivalent to the image under τ of a non-minimal and umbilic-free
pseudo-parallel immersion x¯ : Mm → Hm+p with parallel mean curvature and constant scalar curvature,
which has three distinct principal curvatures in the direction of the mean curvature vector.
Case 2. dimV0 = 1.
In this case, there is an index α0 such that V0 = REα0 . Thus we can write
BV0iaia = B
0
aEα0 , for each ia, a = 1, 2, 3. (4.29)
It follows that
m1B
0
1 +m2B
0
2 +m3B
0
3 = 0, B
0
aB
0
b = −(λa + λb), for a 6= b (4.30)
which implies
(B0a)
2 =
1
ma
((ma′ +ma′′)λa +ma′λa′ +ma′′λa′′ ), a = 1, 2, 3 (4.31)
where a, a′, a′′ is an even permutation of 1, 2, 3.
Furthermore, Lemma 4.4 implies in the present case that
ωαaα0 = ω
αb
αa
≡ 0, for all a and b 6= a. (4.32)
Define
za = N + λaY −B
0
aEα0 , a = 1, 2, 3. (4.33)
Then, by (2.11), (2.13) and (4.32), we find that
dza =
∑
i,j
Aijω
jYi + λa
∑
i
ωiYi +B
0
a
∑
i,j
Bα0ij ω
jYi = (2λa + (B
0
a)
2)
∑
ia
ωiaYia , a = 1, 2, 3. (4.34)
Thus za is constant on Mb for b 6= a.
Using (2.12), (2.13), (4.32) and (4.34), the following lemma is easily proved:
Lemma 4.9. The subbundles Rza, Y∗(TMa), REα0 , Va0, a = 1, 2, 3, are mutually orthogonal, and the
Mo¨bius normal connection on the Mo¨bius normal bundle V is the direct sum of its restrictions on REα0 ,
Va0, a = 1, 2, 3. Moreover,
Rza ⊕ Y∗(TMa)⊕ Va0, a = 1, 2, 3
are orthogonal to each other in Rm+p+21 and are constant on Ma, a = 1, 2, 3, respectively.
Subcase (i): One of 2λ1 + (B
0
1)
2, 2λ2 + (B
0
2)
2 and 2λ3 + (B
0
3)
2 vanishes.
Without loss of generality, we assume 2λ1 + (B
0
1)
2 = 0. Then by (4.34), dz1 ≡ 0 and thus z1 = c is a
constant vector on Mm. Furthermore,
〈c, c〉1 = 2λ1 + (B
0
1)
2 = 0, 〈c, Y 〉1 = 1.
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Therefore the according argument in [17] (see Subcase (ii) of Case 1 there) applies to the present case
and proves the following conclusion:
Proposition 4.10. Let x : Mm → Sm+p be as in the main theorem (Theorem 1.3). If dimV0 = 1 and
there exists some a, 1 ≤ a ≤ 3, such that 2λa + (B
0
a)
2 = 0, then x is Mo¨bius equivalent to
(2) the image under σ of a non-minimal and umbilic-free pseudo-parallel immersion x¯ : M → Rm+p
with parallel mean curvature and constant scalar curvature, which has three distinct principal curvatures
in the direction of the mean curvature vector.
Subcase (ii): 2λa + (B
0
a)
2 6= 0, a = 1, 2, 3.
In this subcase, by using (4.30) and (4.31) the following lemma can be easily proved by a direct
computation:
Lemma 4.11. The three constants B0a, a = 1, 2, 3, have the properties that∑
a
1
2λa + (B0a)
2
=
∑
a
B0a
2λa + (B0a)
2
= 0,
∑
a
λa
2λa + (B0a)
2
= 1. (4.35)
Remark 4.2. Note that REα0 ,
⊕
a(Y∗(TMa)⊕ Va0) are space-like, and
〈za, za〉1 = 2λa + (B
0
a)
2 6= 0, a = 1, 2, 3. (4.36)
It follows that there exists one and only one index a such that
〈za, za〉1 < 0, or equivalently, 2λa + (B
0
a)
2 < 0.
With no loss of generality we assume that
r21 := −
1
2λ1 + (B01)
2
, r2a :=
1
2λa + (B0a)
2
, a = 2, 3 (4.37)
for positive numbers r1, r2, r3. Then by (4.30), (4.31) and (4.35) we have
r21 = r
2
2 + r
2
3 , m3r
2
2 6= m2r
2
3 . (4.38)
Now from the Mo¨bius second fundamental form B, we define for each a
(a)
B =
∑
Bαaiajaω
iaωjaEαa .
Then
(a)
B is a Va0-valued symmetric 2-form on Ma with components
(a)
B
αa
iaja
= Bαaiaja .
Let
(a)
B
αa
iaja,ka
be the components of the covariant derivatives of
(a)
B with the induced connection on Va0.
Then, as the consequence of (4.2), (4.32) and Lemma 4.9, we have
(a)
B
αa
iaja,ka
= Bαaiajaka . (4.39)
Since Bαbiaja = 0 for b 6= a, the vanishing of the Mo¨bius form C together with (2.18), (2.19), (2.21),
(4.1), (4.2) and (4.39) proves the following lemma:
Lemma 4.12. The Riemannian manifold (Ma, g
(a)) and the vector bundle valued symmetric tensor
(a)
B satisfies the Gauss equation, Codazzi equation and Ricci equation for submanifolds in a space form of
constant curvature 2λa + (B
0
a)
2. Namely
Riajakala =
∑
(
(a)
B
αa
iala
(a)
B
αa
jaka
−
(a)
B
αa
iaka
(a)
B
αa
jala
) + (2λa + (B
0
a)
2)(δialaδjaka − δiakaδjala), (4.40)
(a)
B
αa
iaja,ka
=
(a)
B
αa
iaka,ja
, R⊥αaβaiaja =
∑
(
(a)
B
αa
jaka
(a)
B
βa
iaka
−
(a)
B
αa
iaka
(a)
B
βa
jaka
). (4.41)
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By Lemma 4.12, there exist an isometric immersion
y˜ ≡ (y˜0, y˜1) : (M1, g
(1))→ Hm1+p1
(
−
1
r21
)
⊂ Rm1+p1+11
with
(1)
B as its second fundamental form, and two isometric immersions
y˜a : (Ma, g
(a))→ Sma+pa(ra) ⊂ R
ma+pa+1, a = 2, 3
with
(a)
B as their second fundamental forms, respectively.
Note that Bαbiaja ≡ 0 for b 6= a. It follows from (2.17) that both y˜ and y˜a, a = 2, 3, are minimal
immersions. Furthermore, if denote by S˜a the scalar curvatures of Ma, then by (4.37), (4.40) and the
minimality, we have
S˜1 = −
m1(m1 − 1)
r21
−
∑
(Bα1i1j1)
2, S˜a =
ma(ma − 1)
r2a
−
∑
(Bαaiaja)
2, a = 2, 3 (4.42)
showing that
S˜1 +
m1(m1 − 1)
r21
=−
∑
(Bα1i1j1)
2 ≤ 0, (4.43)
S˜a −
ma(ma − 1)
r2a
=−
∑
(Bαaiaja)
2 ≤ 0, a = 2, 3. (4.44)
On the other hand, by (2.17),
∑
a,ia,ja
(Bαaiaja)
2 =
∑
α,i,j
(Bαij)
2 −
∑
a
ma(B
0
a)
2 =
m− 1
m
−
∑
a
ma(B
0
a)
2 = const. (4.45)
Thus by (4.42) and (4.45),
S˜1 + S˜2 + S˜3 =−
m1(m1 − 1)
r21
+
m2(m2 − 1)
r22
+
m3(m3 − 1)
r23
−
m− 1
m
+m1(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2
=const. (4.46)
Since S˜a’s are functions defined on Ma’s, respectively, it follows that all S˜a’s are constant on M
m and,
by (4.43), (4.44), we can write
S˜1 =−
m1(m1 − 1)
r21
+ µ1
(
m1(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2 −
m− 1
m
)
(4.47)
S˜a =
ma(ma − 1)
r2a
+ µa
(
ma(B
0
1)
2 +m2(B
0
2)
2 +m3(B
0
3)
2 −
m− 1
m
)
, a = 2, 3 (4.48)
for some positive constants µ1, µ2, µ3 satisfying µ1 + µ2 + µ3 = 1.
Now let LS(m, p, r, µ) be one of the submanifolds in Example 3.2 defined by y˜, y˜2 and y˜3. Then it is not
hard to see that LS(m, p, r, µ) has the same Mo¨bius metric g and the same Mo¨bius second fundamental
form B as those of x. Furthermore, by choosing the normal frame field {e˜α} as given in (3.24)–(3.27)
where, in the present case,
E¯α = Eα, m+ 1 ≤ α ≤ m+ p,
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we compute directly:
ω˜βα = de˜α · e˜β = 〈dEα, Eβ〉1 =


ωβα, for either m+ 1 ≤ α, β ≤ m+ p1,
or m+ p1 + 1 ≤ α, β ≤ m+ p1 + p2,
or m+ p1 + p2 + 1 ≤ α, β ≤ m+ p;
0, otherwise,
implying that x and LS(m, p, r, µ) have the same Mo¨bius normal connection. Therefore, by Theorem 2.2,
x is Mo¨bius equivalent to LS(m, p, r, µ). So we have proved the following proposition:
Proposition 4.13. Let x : Mm → Sm+p be as in the main theorem (Theorem 1.3). If dimV0 = 1 and
2λa + (B
0
a)
2 6= 0, a = 1, 2, 3, then x is Mo¨bius equivalent to
(4) a submanifold LS(m, p, r, µ) given in Example 3.2 for some multiple parameters m, p, r, µ satisfying
m3r
2
2 6= m2r
2
3.
The proof of the main theorem (Theorem 1.3).
As discussed earlier in this section, there are only the following two cases with additional subcases
that need to be considered:
(1) dim V0 = 2.
(2) dim V0 = 1:
Subcase (i), one of 2λa + (B
0
a)
2 (a = 1, 2, 3) vanishes;
Subcase (ii), 2λa + (B
0
a)
2 6= 0, a = 1, 2, 3.
Thus the main theorem follows directly from Propositions 4.8, 4.10 and 4.13.
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